We study manifolds endowed with mixed metric 3-contact structures, proving that the distribution spanned by the Reeb vector fields is integrable, with totally geodesic integral manifolds, of constant sectional curvature k = ±1. We also prove a result of projectability of such structures onto paraquaternionic Kählerian structures.
Introduction
In this paper we investigate about a possible projectability of mixed metric 3-contact structures onto paraquaternionic structures. This appears to be a counterpart of the quaternionic case, and it comes in analogy with an early result of S. Ishihara (cf. [11] ), and, among the others, with a result of W. Jelonek, who in [14] proved the projectability onto quaternionic structures of 3-K-contact structures defined on the total space of a G-principal bundle.
Our main result is the following Theorem 1.1. Let P (M, G, π) be a G-principal bundle, where the total space P is endowed with a mixed metric 3-contact structure (ϕ a , ξ a , η a , g), and G is a Lie group acting on the right on P by isometries, with Lie algebra g isomorphic to so (2, 1) , and suppose that the vector fields ξ 1 , ξ 2 , ξ 3 are fundamental vector fields. Then, the mixed metric 3-contact structure projects via π onto a paraquaternionic Kähler structure on the base space M and π is a semi-Riemannian submersion.
However, to simplify the exposition, we split the proof in two steps, firstly proving that a mixed 3-K-contact structure projects under a semi-Riemannian submersion on an almost paraquaternionic Hermitian structure and then passing to a mixed 3-Sasakian context to obtain a paraquaternionic Kähler structure on the base M . Finally, since mixed metric 3-contact, mixed 3-K-contact and mixed 3-Sasakian structures define the same class of manifolds, as proved in [3] , we get the announced result.
In section 2 we recall basic definitions and facts about hyper paracomplex and paraquaternionic structures, as well as paracontact structures. Then, in section 3, we state the first result of projectability. Finally, section 4 is devoted to the proof of the projectability onto paraquaternionic Kähler structures.
All manifolds, tensor fields and maps will be supposed to be smooth.
Preliminaries
We collect basic elements about the structures involved in the rest of the paper. For more details, we refer to [7] , [12] , [13] , [5] , [15] , [16] , [17] , [19] together with the survey [4] on the geometry related to paracomplex numbers.
Hyper paracomplex structures and paraquaternionic structures
An almost product structure on a manifold M is a (1, 1)-type tensor field F = ±I, satisfying F 2 = I; the pair (M, F ) is then said to be an almost product manifold.
where T + M and T − M are the eigensubbundles relative to the eigenvalues +1 and −1 of F . When rank(T + M ) = rank(T − M ), the structure F is called almost paracomplex and M an almost paracomplex manifold. Moreover, the structure F and the manifold M are called paracomplex if the Nijenuhis tensor field N F vanishes. Finally, an (almost) paracomplex manifold is called (almost) paraHermitian if it is endowed with a semi-Riemannian metric g, such that g(F X, Y ) + g(X, F Y ) = 0, for any X, Y ∈ Γ(T M ).
Definition 2.1. Let M be a manifold. An almost hyper paracomplex structure is a triple (J 1 , J 2 , J 3 ) of (1, 1)-type tensor fields satisfying:
where
An almost hyper paracomplex structure on a manifold M will be said hyper paracomplex if and only if N a = N Ja = 0, for each a ∈ {1, 2, 3}. Then, M will be called hyper paracomplex manifold. A metric tensor g will be said compatible with the almost hyper paracomplex structure if g(X, J a Y ) + g(J a X, Y ) = 0, for any X, Y ∈ Γ(T M ), and any a ∈ {1, 2, 3}. Then, the structure (J 1 , J 2 , J 3 , g) will be called (almost) hyper paraHermitian structure, and M (almost) hyper paraHermitian manifold. Any almost hyper paraHermitian manifold has dimension divisible by four, and the metric is necessarily semi-Riemannian, with neutral signature. Definition 2.2. An almost paraquaternionic structure on a manifold M is a rank-three subbundle Σ of the vector bundle End(T M ), locally spanned by an almost hyper paracomplex structure. The pair (M, Σ) is called almost paraquaternionic manifold.
Therefore, there exists an open covering (U h ) h∈H such that, for any h ∈ H, an almost hyper paracomplex structure (J
is defined on the open set U h , which spans Σ| U h . Such kind of locally defined hyper paracomplex structure is said to be a local basis (on U h ) for the almost paraquaternionic structure Σ. 
An useful criterion for the construction of a paraquaternionic structure on a manifold is given in the following result (cf. [2] 
Then, if x ∈ M , choosing h ∈ H such that x ∈ U h , and putting
we get that Σ x is a three dimensional vector subspace of End(T x M ), which does not depend on the open set U h and on the structure (J h a ) a=1,2,3 , and that Σ := x∈M Σ x is an almost paraquaternionic structure on M . Definition 2.5. Let (M, Σ) be an almost paraquaternionic manifold. A linear connection ∇ on M is said to be paraquaternionic if it preserves the subbundle Σ, i.e. if ∇ X J ∈ Γ(Σ), for any X ∈ Γ(T M ) and any J ∈ Γ(Σ). The almost paraquaternionic structure Σ is said paraquaternionic if there exists on M a paraquaternionic torsion-free linear connection.
Let (M, Σ) be an almost paraquaternionic manifold, and g ∈ T 0 2 (M ) a semi-Riemannian metric. The metric is said Σ-Hermitian if the following compatibility condition holds
for any local basis (J a ) a=1,2,3 on an open set U ⊂ M of Σ| U and for any X, Y ∈ Γ(T U 
Paracontact structures and mixed 3-structures
An almost paracontact structure on a manifold M is a triple (ϕ, ξ, η), where
Then M is said to be almost paracontact manifold, and denoted with (M, ϕ, ξ, η). An almost paracontact structure (ϕ, ξ, η) will be said normal if N ϕ = 2dη ⊗ ξ, where N ϕ is the Nijenhuis tensor field of the structure ϕ.
Let (M, ϕ, ξ, η) be an almost paracontact manifold. A semi-Riemannian metric g on M is said to be compatible with the structure (ϕ, ξ, η) if g(ϕX, ϕY ) = −g(X, Y ) + εη(X)η(Y ), for any X, Y ∈ Γ(T M ), with ε = ±1, according as ξ is spacelike or timelike, respectively. Then, the structure (ϕ, ξ, η, g) is said to be an almost paracontact metric structure. We call the structure positive or negative, according as ε = +1 or ε = −1, respectively. (M, ϕ, ξ, η, g) will be called almost paracontact metric manifold. An almost paracontact metric structure (ϕ, ξ, η, g) will be called normal if N ϕ = 2dη ⊗ ξ. We remark that the signature of g on T M is (m, m + 1) or (m + 1, m), according as ξ is spacelike (the structure is positive) or timelike (the structure is negative), respectively.
An almost paracontact metric manifold (M, ϕ, ξ, η, g) is called:
(ii) paraSasakian manifold, if dη = Φ and the structure is normal;
(iii) para-K-contact manifold, if dη = Φ and ξ is a Killing vector field.
Remark 2.7. We have the following remarkable properties of para-K-contact and paraSasakian manifolds. Any paraSasakian manifold is a para-K-contact manifold and a paracontact metric manifold is para-K-contact if and only if L ξ ϕ = 0. For an almost paracontact metric manifold (M, ϕ, ξ, η, g), setting g(ξ, ξ) = ε = ±1, one has that it is para-K-contact if and only if ∇ X ξ = −εϕX, for any X ∈ Γ(T M ), and it is paraSasakian if and only
Now, we recall the notion of mixed (metric) 3-structure, introduced in [8] with a different form, referring to [3] for a comparison between the definition given here and those given in [8] and [9] . Definition 2.8. Let M be a manifold. A mixed 3-structure on M is a triple of structures (ϕ a , ξ a , η a ), a ∈ {1, 2, 3}, which are almost paracontact structures for a = 1, 2 and almost contact structure for a = 3, satisfying
for any cyclic permutation (a, b, c) of (1, 2, 3), with τ 1 = τ 2 = −1 = −τ 3 . If, further, there exists on M a metric tensor field g satisfying
for any a ∈ {1, 2, 3}, and any X, Y ∈ Γ(T M ), where ε a = g(ξ a , ξ a ) = ±1, then the metric tensor g is said to be compatible with the mixed 3-structure, and the triple (ϕ a , ξ a , η a , g), a ∈ {1, 2, 3}, is called a mixed metric 3-structure.
From now on, a mixed 3-structure and a mixed metric 3-structure on a manifold M will be denoted simply with (ϕ a , ξ a , η a ) and (ϕ a , ξ a , η a , g), respectively, leaving the condition a ∈ {1, 2, 3} understood.
Let M be a manifold endowed with a mixed 3-structure (ϕ a , ξ a , η a ). Considering on M the two distributions H :=
Im(ϕ a ) and V := Span(ξ 1 , ξ 2 , ξ 3 ), then one has the decomposition T M = H ⊕ V. It follows that the triple (ϕ 1 | H , ϕ 2 | H , ϕ 3 | H ) is an almost hyper paracomplex structure on the distribution H. Therefore rank(H) = 2n and dim(M ) = 2n + 3. Furthermore, if we have a mixed metric 3-structure (ϕ a , ξ a , η a , g) on M , then (ϕ a | H , g), a ∈ {1, 2, 3}, becomes an almost hyper paraHermitian structure on the distribution H. Hence rank(H) = 4m and dim(M ) = 4m + 3. Moreover, H is orthogonal to V. The compatibility condition (5) between a metric tensor g and a mixed 3-structure (ϕ a , ξ a , η a ) on a (4m + 3)-dimensional manifold M , together with (4), implies that g(ξ 1 , ξ 1 ) = g(ξ 2 , ξ 2 ) = −g(ξ 3 , ξ 3 ). Hence the vector fields ξ 1 and ξ 2 , related to the almost paracontact metric structures, are both either spacelike or timelike. We may therefore distinguish between positive and negative mixed metric 3-structures, according as ξ 1 and ξ 2 are both spacelike (ε 1 = ε 2 = +1), or ξ 1 and ξ 2 are both timelike (ε 1 = ε 2 = −1), respectively. This determines the causal character of the third vector field ξ 3 and one has that (i) the signature of g on T M is (2m + 1, 2m + 2), if the mixed metric 3-structure is positive, (ε 1 , ε 2 , ε 3 ) = (+1, +1, −1);
(ii) the signature of g on T M is (2m + 2, 2m + 1), if the mixed metric 3-structure is negative, (ε 1 , ε 2 , ε 3 ) = (−1, −1, +1).
Mixed 3-K-contact structures and projectability
In this section we introduce the class of mixed 3-K-contact structures and we prove a projectability result, following similar results obtained in the classical case of 3-K-contact structures by W. Jelonek in [14] .
Definition 3.1. Let M be a manifold with a mixed metric 3-structure (ϕ a , ξ a , η a , g). This structure is said to be a mixed 3-K-contact structure if (ϕ 1 , ξ 1 , η 1 , g) and (ϕ 2 , ξ 2 , η 2 , g) are para-K-contact structures, and (ϕ 3 , ξ 3 , η 3 , g) is a K-contact structure.
Remark 3.2. By Remark 2.7, in a mixed 3-K-contact manifold we have that ξ 1 , ξ 2 , ξ 3 are Killing vector fields and ∇ X ξ a = −ε a ϕ a X, for any a ∈ {1, 2, 3} and any X ∈ Γ(T M ). Proof. If (a, b, c) is a cyclic permutation of (1, 2, 3), using Remark 3.2 and (4), one has
hence, the distribution V is involutive, and then integrable. For any a ∈ {1, 2, 3}, one has ∇ ξa ξ a = −ε a ϕ a (ξ a ) = 0, and if (a, b, c) is a cyclic permutation of (1, 2, 3), then ∇ ξa ξ b = −ε b ϕ b (ξ a ) = ε b τ a ξ c . Hence, in each case, one gets ∇ ξa ξ b ∈ Γ(V), therefore each integral manifold of V is a totally geodesic submanifold of M . Let nowM be an integral manifold of V. Being it a totally geodesic submanifold, we have to check that, for any X, Y, Z ∈ Γ(TM ):
with c = ∓1. Obviously, by linearity, we may check the above identity only on the vector fields (ξ a ) a=1,2,3 . Consider any permutation (a, b, c) of (1, 2, 3), not necessarily a cyclic one. Assuming X = ξ a , Y = ξ b , Z = ξ c , by orthogonality, the first member of (7) vanishes. On the other side, by Remark 3.2, one has
By (4) 
In this way, we have checked (7), for any permutation (a, b, c) of (1, 2, 3). Consider now a, b ∈ {1, 2, 3}, with a = b. Obviously R(ξ a , ξ a , ξ b ) = 0, and on the other side one has g(ξ a , ξ b )ξ a − g(ξ a , ξ b )ξ a = 0. Clearly, one obtains the same result if a = b. Since R(ξ b , ξ a , ξ b ) = −R(ξ a , ξ b , ξ b ), it remains to check (7) on the following set of triples 
if the mixed metric 3-structure is negative, that is (ε 1 , ε 2 , ε 3 ) = (−1, −1, +1), one has
Now, for the triple (ξ 1 , ξ 2 , ξ 2 ), using again (4), since ε 2 ε 3 = −1 whether the 3-structure is positive or negative, we have
where the double sign corresponds to the case of positive or negative structure, respectively. On the other side, setting X = ξ 1 and Y = ξ 2 = Z, the left hand side of (7) becomes
and (7) is verified, with c = ∓1. With analogous calculations one checks (7) on any other triple in (8) . 2 Now, considering the special semi-orthogonal three dimensional real Lie algebra so(2, 1) and its basis E = (E 1 , E 2 , E 3 ), where
while, for the basis −E = (−E 1 , −E 2 , −E 3 ), we have
A comparison with (10) and (9), respectively, allows us to state the following result.
Theorem 3.4. Let P (M, G, π) be a principal bundle, where the (4m + 3)-dimensional total space P is endowed with a negative (positive) mixed 3-K-contact structure (ϕ a , ξ a , η a , g), and G is a Lie group acting on P by isometries, with Lie algebra g isomorphic to so(2, 1), and suppose that the vector fields ξ 1 , ξ 2 , ξ 3 are the fundamental vector fields corresponding to the basis E (−E) of so(2, 1), respectively. Then, the 3-structure (ϕ a , ξ a , η a , g) projects itself, via π, onto an almost paraquaternionic Hermitian structure (Σ, g ′ ) on the base space M , and π : P → M is a semi-Riemannian submersion.
Proof. Let us denote with A * ∈ Γ(T P ) the fundamental vector field associated to any A ∈ g. Let V = (V p ) p∈P be the vertical distribution on P defined by π. Let κ : g → Γ(V) be the Lie algebra homomorphism defined by κ(A) := A * , which induces, for any p ∈ P , the vector space isomorphism κ p : g → V p such that κ p (A) := A * p . From the hypotheses we get V p = Span((ξ 1 ) p , (ξ 2 ) p , (ξ 3 ) p ) and, for any p ∈ P , we have T p P = H p ⊕ ker(dπ) p , where H p := 3 a=1 ker((η a ) p ). Since π : P → M is a C ∞ -submersion, then for any p ∈ P the linear map (dπ) p | Hp : H p → T π(p) M is a vector spaces isomorphism. Obviously, we may consider the horizontal lifts of tangent vectors as well as of vector fields on M . Let us consider a local section (U, f ) of P , that is a mapping f : U → P , where U ⊂ M is an open set, such that π • f = I U . Obviously, for any x ∈ U , and for any Y ∈ T x U , one has 
Now, for any a ∈ {1, 2, 3} and for any x ∈ U , define the endomorphism (J a ) x :
for any
obtaining a triple (J a ) a=1,2,3 of (1, 1)-type tensor fields on U , which forms an almost hyper paracomplex structure on U . Indeed, if a ∈ {1, 2, 3}, for any x ∈ U and any Y ∈ T x M , using (12), (13) and
from which it follows that J 2 a = −τ a I, for any a ∈ {1, 2, 3}. In an analogous way one obtains if (a, b, c) is a cyclic permutation of (1, 2, 3) . Thus (J a ) a=1,2,3 is an almost hyper paracomplex structure on U . Let us consider another local section (U ′ , f ′ ) of P , such that U ∩ U ′ = ∅. We get another almost hyper paracomplex structure (J ′ a ) a=1,2,3 , defined on the open set U ′ . We are going to prove that (1) of Proposition 2.4 holds on U ∩ U ′ . To this purpose, for any λ ∈ G, we consider Ad λ : so(2, 1) → so(2, 1) and denote with A(λ) ∈ GL(3, R) the matrix associated with Ad λ with respect to the chosen basis of so(2, 1). Since, for any λ ∈ G and for any X ∈ so(2, 1), is (R λ ) * (X * ) = (Ad λ −1 (X)) * , taking Remark 3.2 into account, for any X ∈ Γ(T P ), any λ ∈ G and any a ∈ {1, 2, 3}, one has
where ∇ is the Levi-Civita connection on (P, g). If x ∈ U ∩ U ′ , there exists an unique λ ∈ G such that f ′ (x) = R λ (f (x)), and since π • R λ −1 = π, if Y ∈ T x M and a ∈ {1, 2, 3}, using (12) and Remark 3.2, one has
Since G acts on the right on P by isometries,
) and commutes with the projection operator h, one has (dR
, and using (14):
Hence, substituting the previous identity into (15) and using (12) , one has
where we denote with A ′ (λ) ∈ M 3 (R) the matrix defined by putting, for any a, b ∈ {1, 2, 3},
Since, by definition, λ ∈ G is uniquely determinated by the condition
We obtain, in this way, an open covering (U k ) k∈K of M , such that, for any k ∈ K, an almost hyper paracomplex structure (J k a ) a=1,2,3 is defined on the open set U k , and (1) holds. By Proposition 2.4, this defines an almost paraquaternionic structure Σ on M .
Let us now project the metric tensor g, via π : P → M . By Remark 3.2, the vector fields ξ 1 , ξ 2 , ξ 3 are Killing, hence, if E, F ∈ Γ(H) are projectable vector fields, and V ∈ Γ(V), writing V = v a ξ a , with v a ∈ F(P ), and using
Therefore, the function g(E, F ) is constant along the fibers of π, for any basic vector fields E, F , and there exists an unique (0, 2)-type tensor field g ′ ∈ T Definition 4.1. Let M be a manifold with a mixed metric 3-structure (ϕ a , ξ a , η a , g). This structure is said to be a mixed 3-Sasakian structure if (ϕ 1 , ξ 1 , η 1 , g) and (ϕ 2 , ξ 2 , η 2 , g) are paraSasakian structures, and (ϕ 3 , ξ 3 , η 3 , g) is an indefinite Sasakian structure.
Remark 4.2. By Remark 2.7, a mixed metric 3-structure (ϕ a , ξ a , η a , g) on a manifold M is a mixed 3-Sasakian structure if and only if the following condition holds
for any X, Y ∈ Γ(T M ) and any a ∈ {1, 2, 3}, with τ 1 = τ 2 = −1 = −τ 3 .
Moreover, for a comparison between our definition of mixed 3-Sasakian structure and that given in [9] , we refer to [3] . Since we know that any (para)Sasakian structure is also (para-)K-contact, we get that any mixed 3-Sasakian structure is also a mixed 3-K-contact structure, and we can apply Theorem 3.4. Moreover, we prove: , π) be a G-principal bundle, where the (4m + 3)-dimensional total space P is endowed with a negative (positive) mixed 3-Sasakian structure (ϕ a , ξ a , η a , g), and G is a Lie group acting on the right on P by isometries, with Lie algebra g isomorphic to so(2, 1), and suppose that the vector fields ξ 1 , ξ 2 , ξ 3 are the fundamental vector fields corresponding to basis E (−E) of so(2, 1), respectively. Then, the almost paraquaternionic Hermitian structure (Σ, g ′ ), induced on the base space M by projecting the 3-structure (ϕ a , ξ a , η a , g) via π, is paraquaternionic Kählerian.
Proof. Consider a local section (U, f ) of P together with the local almost hyper paracomplex structure (J a ) a=1,2,3 defined on U . The crucial point is to prove the following claim:
Claim: For any x ∈ U , there exists a local frame (
for any i, j ∈ {1, . . . , 4m} and any a ∈ {1, 2, 3}, where ε abc is the totally antisymmetric symbol, ∇ ′ is the Levi-Civita connection on (M, g ′ ), and τ 1 = τ 2 = −1 = −τ 3 . for any X, Y ∈ Γ(T U ), and any a ∈ {1, 2, 3}. Therefore, for any cyclic permutation (a, b, c) of (1, 2, 3), one has ∇ ′ J a = 2(τ b θ c ⊗ J b − τ c θ b ⊗ J c ) and finally, setting ω 1 := 2θ 1 , ω 2 := −2θ 2 , ω 3 := 2θ 3 , one gets locally defined 1-forms (ω a ) a=1,2,3 , such that
Namely, if the claim holds, then for
By the arbitrariness of the local section (U, f ) chosen at the beginning, the above identities hold for any local basis (J a ) a=1,2,3 of the almost paraquaternionic Hermitian structure Σ of M , and by Proposition 2.6, the structure Σ is paraquaternionic Kählerian. Now, to complete the proof, we have to prove the claim. Indeed, fixed a point x ∈ U , let us consider a local frame (E i ) 1 i 4m defined on an open neighbourhood of x, satisfying (∇ So from (21) we get, for any i, j, k ∈ {1, . . . , 4m}, and any a ∈ {1, 2, 3}:
Let us choose a π-adapted local orthonormal frame (X 1 , . . . , X 4m , ξ 1 , ξ 2 , ξ 3 ) on P , with (X i ) 1 i 4m basic vector fields. Putting, for any i ∈ {1, . . . , 4m}, ε i = g(X i , X i ), and for any a ∈ {1, 2, 3}, ε a = g(ξ a , ξ a ), since π : P → M is a semi-Riemannian submersion with totally geodesic fibers, then for any X, Y ∈ Γ(T P ) basic vector fields π-related to
a=1 ε a g(A X ξ a , A Y ξ a ), where A is the O'Neill tensor field (see [6] and [10] , for the Riemannian setting) we get
ε a g(A X ξ a , A Y ξ a ).
Since the mixed 3-structure (ϕ a , ξ a , η a , g) is in fact mixed 3-K-contact, we have that A X ξ a = h(∇ X ξ a ) = −ε a ϕ a X, and using (5), we get
being ε a τ a = −σ, for any a ∈ {1, 2, 3}. Therefore (24) follows, and the proof is complete. 2
